Abstract. In this paper we study holomorphic vector bundles with singular Hermitian metrics whose curvature are Hermitian matrix currents. We obtain an extension theorem for holomorphic jet sections of nef holomorphic vector bundle on compact Kähler manifolds. Using it we prove that Fano manifolds with strong Griffiths nef tangent bundles are rational homogeneous spaces.
Introduction
In [Mor] and [SY] , Mori, Siu and Yau, using different methods, proved the Hartshorne-Frankel conjecture, which says that a compact Kähler manifold with positive bisectional curvature is biholomorphic to the complex projective space. A beautiful theorem established later by Mok in [Mok] , which states that a simply connected irreducible compact Kähler manifold with non-negative bisectional curvature such that the Ricci curvature is positive at one point is isometric to the complex projective space or the irreducible compact Hermitian symmetric space of rank ≥ 2. Using the splitting theorem of Howard-Smyth-Wu, we get a complete classification of all compact simply connected Kähler manifolds of nonnegative holomorphic bisectional curvature.
In [CP] , Campana and Peternell initiate the classification of projective manifolds whose tangent bundles are nef, a more degenerate curvature condition than non-negative bisectional curvature. Recall that a holomorphic line bundle L on a projective manifold M is called nef if the intersection number L · C ≥ 0 for every irreducible curve C ⊂ M, and a holomorphic vector bundle on M is called nef if the associated tautological line bundle O P(E * ) (1) is a nef line bundle. If we denote the first Chern class of L by c 1 (L) then L · C =´C c 1 (L) when C is smooth. Hence a holomorphic vector bundle over a projective manifold with nonnegative bisectional curvature is a nef vector bundle, but the converse is not always true. Later in [DPS] , Demailly, Campana and Peternell generalized the definition of nefness for holomorphic vector bundles on projective manifolds to arbitrary compact complex manifolds. They proved that the Albanese morphism of a compact Kähler manifold with nef tangent bundle is a submersion and whose fibers are Fano manifolds with nef tangent bundles. Since by Mok's theorem any Fano manifold with nonnegative holomorphic bisectional curvature is a Hermitian symmetric space, in view of this, Campana and Peternell [CP] formulated a corresponding conjecture claims that a Fano manifold with nef tangent bundle is a rational homogeneous space, i.e., quotient of a semisimple Lie group by a parabolic subgroup. They showed that their conjecture is true up to dimension four. Later many special cases are checked to be true, we will not report them here even there are some very important ideals and techniques found during recent years. We refer readers to the survey [Sur] for a detailed report of related works.
In proving Hartshorne-Frankel conjecture, Mori, Siu and Yau used the characterization of projective space established by Kobayashi and Ochiai. Mok's proof of his famous theorem also used the Berger-Simons theorem on the characterization of irreducible symmetric spaces of rank ≥ 2. However, until now we haven't a unified theorem which characterize all of the rational homogeneous manifolds at the same time. This is a main difficult when we are in search of a proof of the CampanaPeternell conjecture. In [BR] , Borel and Remmert established a beautiful structure theorem of compact homogeneous Kähler manifolds which says that they are direct product of complex tori and rational homogeneous manifolds. Since the Fano manifolds are simply connected Kähler manifolds, if we could prove they are holomorphical homogeneous then they are rational homogeneous. The homogeneity, a relaxed characterization, is much easier to deal with than giving a straight way and a precise characterization of the rational homogeneous manifolds.
How to prove a compact complex manifold is homogeneous? A natural way is to decide its holomorphic automorphism group (which is a complex Lie group by Bochner-Montgoemery's theorem) and prove the automorphism group's action is homogeneous. However it is usually very difficult to calculate the holomorphic automorphism group of a complex manifold. passing to infinitesimal level, if we could prove it has many holomorphic vector fields, then its holomorphic automorphism group, whose Lie algebra could be identified with the set of global holomorphic vector fields, would be large enough to act transitively on it.
The action of the diffeomorphism group of a real manifold is alway transitive since we could glue the real local vector fields to global vector fields in a smooth way. Every complex manifold has a Stein open covering and every Stein open subset have many holomorphic vector fields. However it is very difficult to patch up analytically the local holomorphic vector fields to get global holomorphic vector fields. This is due to the rigidity of holomorphic objects. But the rigidity may have an advantage in some special cases, where it could propagate form local to global. We also called this phenomenon the extension or analytical continuation of a holomorphic object. The corresponding theorems are called extension theorems, and was extensively studied for many years and has a long history.
Siu obtained many important extension theorems and explained related techniques in the monograph [SBook] , see also his ICM lecture [Siu80] for a report. It is well known ( [Siu74] ) that we could extend a L 2 -bounded holomorphic function form a sub manifold to an open neighborhood, however, we did not know how large the scale of the open neighborhood is until the work of Ohsawa-Takegoshi appeared 2 in [OT] . Different form the older extension theorems, the Ohsawa-Takegoshi's extension theorem gains more information including controlling the L 2 norm of the extended holomorphic functions in a precise way, hence it found many applications. A surprise applications is to prove the deformational invariance of plurigenera of the algebraic variety of general type by Siu in [Siu98] , he successfully extended holomorphic object from an open submanifold to a family of compact complex manifold. This is usually impossible as we know even an open complex manifold have many holomorphic holomorphic functions but none of them could extend to the compactified complex manifold.
A careful check the assumptions in the Campana-Peternell conjecture, we meet the following difficulties. Firstly, we have no extension theorems of the OhsawaTakegoshi type for holomorphic tangent bundle of high dimensional complex manifold. Though the extension theorems of the Ohsawa-Takegoshi type are extensively studied in recent years, almost all are concentrate in line bundles case. Secondly, the nefness assumption of the tangent bundle as a curvature condition is imposed in fact on the tautological line bundle of projective bundle of the dual of the tangent bundle, rather directly on the tangent bundle itself. Hence we need to construct Hermitian metrics on the tangent bundle only under the assumption that the tautological line bundle have a singular Hermitian metric whose curvature is semi positive in the sense of distribution. It is not so difficult to construct Hermitian metric on the tautological line bundle form those on the tangential bundle and the inverse process is not known up to present. In this paper we will study a weaker version of Campana-Peternell conjecture by changing the assumption of curvature conditions, imposing them directly on the tangential bundle. Accordingly, as a solution of the first difficult, we will study extension theorems for higher rank holomorphic vector bundles with singular Hermitian metric.
What curvature condition imposed on a holomorphic vector bundle which is close to that the tautological line bundle is nef? We know nefness is a generalization of ampleness: a holomorphic vector bundle is called ample if the corresponding tautological line bundle is ample. A vector bundle is ample is equivalent to that it is Griffith positive. Hence we have a weaker version of Campana-Peternell conjecture that a Fano manifold with "Griffiths nef" (Definition 3.10) tangential bundle is rational homogeneous, here the new definition is a nef version of Griffiths positivity, just like nef line bundle is a generalization a Griffiths positive line bundle or equivalently, an ample line bundle. In this paper we add more condition on the positivity on the tangent bundle, call the Griffiths strongly nef positivity and prove the following main result:
Main Theorem.A Fano manifold whose tangent bundle is strongly Griffiths nef is a rational homogeneous space.
The main tool used in proving our main theorem is a L 2 -extension theorem on compact Kähler manifold, which we will give in Section 4 after a series preliminary work from Section 2 to Section 3. We will study holomorphic vector bundles with singular Hermitian metrics, to define their curvatures we need to study Hermitian matrix current. In Section 2 we establish a representation theorem for Hermitian matrix current, and study the positivity of the Hermitian matrix currents. In Section 3 we introduce the singular Hermitian metrics via an example and give the definitions of Griffiths nef and Nakano nef holomorhic vector bundles, we clarify the relations among Griffith nefness, Nakano nefness, and nefness defined in [DPS] (called nef in usual sense). Finally we gives Bochner-Kodaira identity for holomorphic vector bundles with singular Hermitian metrics and existence theorem for∂ and approximate∂-equations which are extensively used in the next section for studying extension theorem. In Section 4 we establish Ohsawa-Takegoshi type extension theorems for holomorphic jet sections with finite isolated support of Nakano semi positive vector bundles and strong Nakano nef vector bundles over bounded Stein domains and compact Kähler manifolds respectively. Finally in Section 5 we prove that a compact Kähler manifold with strong Griffiths nef tangent bundle is homogeneous, and as a corollary we prove the Main theorem.
Hermitian matrix current
Singular Hermitian metric on a holomorphic line bundle L over a complex manifold was systematically studied by Siu and Demailly, we may refer to the ICM lectures [Siu02] and [De06] for a report of related works. If we write the metric of L locally as h = e −ϕ , where ϕ is only a locally integrable function. It is locally a PSH function if L is a nef or more generally a pseudoeffective line bundle. The Chern curvature of
Here the derivatives are in the sense of distribution and Θ h is a closed positive current. In this paper we will consider similar constructions for higher rank holomorphic vector bundles, i.e., study holomorphic vector bundles with measurable metrics. The curvatures are the weak differentials of metrics with measurable coefficients, we need to consider them in the sense of distribution. We refer readers to [Siu74] , [BT] and [DBook] for the theory of closed positive currents. In this section we will give the definitions of weak derivatives of a Hermitian matrix function and study the holomorphic vector bundle with singular metrics whose curvatures are positive Hermitian matrix currents.
Let M be a complex manifold of complex dimension n and E a smooth complex vector bundle of complex rank r on M. In this paper we use C k 0 (M, E) to denote the set of E-valued sections with compact supports and whose derivatives up to k-order are continuous; and
to denote the set of E-valued sections which are bounded (resp. locally bounded); and W k,p (M, E) to denote the set of sections s ∈ L p (M, E) whose weak derivatives up to k-order are also in L p (M, E). If E is Hermitian vector bundle, we use Her(E) to denote the sub-bundle of End (E), consisting of Hermitian transformations on each fibre of E, and Her + (E) the subset of Her(E) whose elements are everywhere non-negative definite Hermitian transformations. We use C k (M, Her(E)) to denote the set of Hermitian transformation with matrix representation H = (h αβ ) r×r such that every entry h αβ is continuous differentiable up to k-order. Similarly we can define L p (M, Her(E)) and L p loc (M, Her(E)) for any 1 ≤ p ≤ ∞. If E is a trivial bundle we denote, for example,
). Let T M be the holomorphic tangent bundle of M, T * M and T * M denote the holomorphic and antiholomorphic cotangent bundles of M respectively. Let Λ p,q T * M be the tensor product bundle
with the following topology induced by semi-norms:
where dz I denotes dz i1 ∧ · · · ∧ dz ip , while multi-index I is a short writing for (i 1 , · · · , i p ) and
where α = (α 1 , · · · , α 2n ), and x = (x 1 , · · · , x 2n ) are real coordinate of M, and
2n . With respect to these semi-norms
forms has a naturally defined topology induced by the topology on u, v) , where f + s = n− p and g + t = n− q, satisfying (I). U is bilinear linear, i.e., U (au, bv) = abU (u, v) for any a, b ∈ C; and (II). U is continuous, which means for any compact subset K ⊂ M, there exists a positive constant C such that
Given a matrix current U we may get a sesquelinear linear functionÛ defined bŷ U (u, v) = U (u,v). We calledÛ a sesquelinear linear current. We can also inverse the process to obtain a matrix current form a sesquelinear linear current. Since the set of order k and bidegree (p, q)-matrix currents is the same as the set of order k and bidegree (p, q)-sesquelinear linear currents, we denote them by the same symbol 
The function´M η t Hξdµ is clearly sesquelinear, continuous, and symmetric.
Example 2.2. Let U = (U αβ ) r×r be a matrix of currents of of k-order and bidegree (p, q), and each entry
with n = f + r + p = g + s + q, and
, and for brevity we don't write out the wedges in (3) and 
) is a matrix of currents of order k and bidegree (p, q).
where U β (u) are k-order currents of degree (n − r, n − s). Write u = (u 1 , · · · , u r ) we may get
Now fix v β we consider each term
, where C v β is a constant depending only on v β . For any multi-indices I, J with |I| = p and |J| = q, take
, and set
where Sgn(IJP QRS) is the signature of the permutation (1, · · · , n, 1 · · · , n) −→ (P, Q, I, J, R, S). Then there exist constants C andC such that
Now it is easy to check that
By (5), (6), (7) we know U (u, v) =´M u t U v and U is a matrix of currents of order k and bidegree (p, q).
) is a Hermitian matrix of currents of order k and bidegree (p, p).
The weak differentials of a matrix current U ∈ D ′ k p−1,q (M, End (C r )), considered as a bilinear current, are defined by
) is a sesquelinear current, its weak differential are defined by
In the same way we have
is a current of k-order and bidegree (a, b) with f + r + a = n − p and g + t + b = n − q.
We denote the set of positive Hermitian matrix currents
Example 2.7. Let δ(z j ) denote the Dirac delta functions and
) is a positive (1, 1)-Hermitian matrix current of zero order. In fact, for any ξ = (
is smooth Hermitian matrix from. The Hermitian vector bundle (E, H) is said to be Nakano semi-positive (resp. Nakano positive), if the End (E)-valued real (1, 1)-from iΘ H is positive semi-definite (resp. positive definite) quadratic form on each fiber of the vector bundle
M ⊗ E) with respect to the inner product ( , ). In the same way we denote D ′ * the formal adjoint operator of D ′ with respect to the inner product ( , ). We denote by e(α) the left exterior product acting on
. Then the adjoint operator e(α) * with respect to the inner product ( , ) H is defined by e(α) * = (−1) (p+q)(a+b+1) * e(ᾱ) * . For instance we set Λ = e(ω)
* . In the following write e(α) and e(α) * simply as α and α * for brevity if without special explanations. 
hence we get the first equality and the second follows the same way.
3.2. Twisted Bochner-Kodaira-Nakano identity. The following Bochner-KodairaNakano identity is basic in studying vanishing theorem and L 2 -estimates in Kähler geometry, we may find its proof in [Siu01] , [Siu11] , [DBook] .
Ohsawa and Takegoshi obtained a twisted form of it in [OT] , where it plays a critical role in establishing the extension theorem with their name. In the following we will give a short proof of the twisted Bochner-Kodaira-Nakano identity from the point of view of deforming the Hermitian metric. 
Change the metric by Hη and note
we get from the Bochner-Kodaira identity the following
be the twisted∂ operators acting on E-valued differential form f. Assume for some specific choice of the function λ and η we have
on M, where ζ is a non zero smooth function, γ is a positive function and δ ≥ 0 is a real number. Throughout this paper the norms of the elements in
are (n, q) form with Sg = 0, and
We want solve the equation T f = g. In this paper we need to solve the equation in following two cases.
3.3.1. Case 1. In this case g 1 = 0 and δ = 0. For any u ∈ W 1 , write u = u 1 + u 2 with D ′′ u 1 = 0 and u 2 is in the orthogonal complement space of the kernel of
which means the functional T * u → g, u defined on the Hilbert space W 2 is continuous, and hence by Riez Representation Theorem the equation
3.3.2. Case 2. The second case we will need is to solve the approximate equation by taking δ → 0. So we assume δ > 0. Furthermore g 1 is not necessary assumed to be zero. In this case
by Cauchy-Schwartz inequality we have
Again we use the trick to write u = u 1 + u 2 ∈ W 1 with D ′′ u 1 = 0 and u 2 is in the orthogonal complement space of the kernel of D ′′ . Then we get
H . Define a function on the Hilbert space sum
then the inequality we got means it is a continuous functional, hence using Riez Representation Theorem we can solve the approximate∂ equation
As a summery we have the following existence theorem:
3.4. Singular Hermitian metric on holomorphic vector bundle. Let M be a complex manifold and E a holomorphic vector bundle of rank r on M. For any U ∈ D ′ k p,q (M, End (E)) and any continuous and differentiable of k-order matrix function V ∈ C k (M, End (E)), we define the product V U :
In this paper, we restrict to study the following type of singular Hermitian metric on the holomorphic vector bundles: Definition 3.4. A singular Hermitian metric of type I on E we means a measurable
) is a metric with continuous coefficients. A singular Hermitian metric of type II on E we means a continuous Hermitian metric H such that H −1 is measurable and
. By formula (15), if H and H −1 are smooth then id 
) the curvature currents of the singular Hermitian metric of type I (reap. type II).
Proposition 3.5. The curvature current Θ H is a closed Hermitian matrix current.
Proof. Here we give proof for the singular Hermitian metric of type I. The type II case is prove in the same way. This is a local property, it suffices to prove the proposition on any small open set U over which E is a trivial bundle. For any
with f +s = g+t = n−1. For simplicity we assume f = g = 0 and the other cases are checked in the same way. Then we have
Using the definition of weak differential of current we rewrite the R.H.S. of (25) as
The second term of R.H.S. of (26) is
The second term of R.H.S. of (27) is
By (25) and (26)- (29) we get
Since H is a Hermitian matrix we have
In the same way we may check that
By (32) and (33)) we know Θ H is closed and Θ H = (Θ H ) t , hence Θ H is a closed Hermitian matrix current.
Example 3.6. Assume that s 1 , · · · , s N are non zero holomorphic sections of the rank r holomorphic vector bundle E and denote
is a r × r Hermitian matrix. We denote the Moore-Penrose pseudoinverse of A by H. Note that when H is a non-degenerate square matrix we have A = H −1 . There is a natural (possible singular) Hermitian metric on E defined by
It is easy to check that this definition does not depend on the local trivialization of E and is well-defined. Note A is a nonnegative definite matrix and the set of singularity points of the metric are the points where A is degenerate, so it is the set Z = {z ∈ M |rankS(z) < r}, which are exactly the points where s 1 , · · · , s N don't generate the stalk E z . Clearly Z is an analytic subset of M and hence we say that the Hermitian metric has analytic singularity. If (s 1 , · · · , s N ) generated the stalk E z for all z ∈ M, then Z = ∅. If (s 1 , · · · , s N ) generated the stalk E z at least for one point z ∈ M (then (s 1 , · · · , s N ) generated the stalks over an open subset of M ), we call (s 1 , · · · , s N ) is generically generated. In this case we must have N ≥ r. Let Gr(N, r) be the complex Grassmannian manifold of r-planes in complex N -dimensional vector space. Then there is a holomorphic embedding
Then the metric defined above is smooth and it is exactly the pull back by F of the Fubiny-Study metric on the universal vector bundle of Gr(N, r). If moreover r = 1, then ||ξ|| 2 = |ξ| 2 U e −ϕ . Here the metric weight ϕ = log(
Proposition 3.7. If (s 1 , · · · , s N ) is generically generated then the (possible) singular Hermitian metric in Example 3.6 has positive curvature current.
Proof. On the Grassmannian manifold Gr(N, r), the universal bundle Q, which is the quotient bundle of the trivial bundle C N → Gr(N, r), and the quotient metric is given by h(f ) = (ff t ) −1 , where f ∈ Gr(N, r) is a r × N matrix whose rows give the r-plane f. Choose holomorphic transformation such that f = (I r , Z). In this holomorphic local coordinate we have h = (I + ZZ t ) −1 and h(0) = I, dh(0) = 0. Hence at the origin, the Chern curvature of the universal bundle is iΘ h = id
Since Gr(N, r) is homogeneous under the unitary group and h is an invariant Hermitian metric, we know iΘ h is semi-positive (positive only when r = 1) at origin and hence is semi-positive everywhere. If (s 1 , · · · , s N ) globally generate the stalks of E, then F is smooth and hence iΘ H = iF * (Θ h ) is semi-positive and smooth matrix of differential form. If (s 1 , · · · , s N ) doesn't generate the stalks of E then H defines a singular Hermitian metric on E. If (s 1 , · · · , s N ) is merely generically generated we still can define the map F as above, which is a meromorphic map and not necessarily holomorphic. The curvature current iΘ H is the pull back of the curvature iΘ h of the Fubini-Study metric h on the universal vector bundle Q of Gr(N, r). We know iΘ H = iF * (Θ h ) is a positive curvature current.
Remark 3.8. The line bundle ∧ r Q → Gr(N, r) has an induced metric h r (f ) = det(ff t ) with positive curvature which gives an invariant Kähler metric ω Gr = id ′′ d ′ log det(I + ZZ t ) on Gr(N, r), which is exactly the pull-back of the Fubini Study metric via Plücker embedding Gr(N, r) is the standard positive mollifier.
. If H is semi positive definite then H ǫ is also semi positive definite; if H is strictly positive definite then H ǫ is strictly positive definite too.
Proof. Note for any a ∈ C n , the translation transformation
is an algebra isomorphism of complex functions. For any ξ ∈ C ∞ (C n ), we know
Hence if H is semi positive definite, then H ǫ is also semi positive definite; if H is strictly positive definite then H ǫ is strictly positive definite too.
Using Proposition 3.9, we may approximate a measurable Hermitian metric H by smooth Hermitian metric H ǫ . However we could not assure that the curvature Θ Hǫ converges to the curvature Θ H , in some worse cases Θ Hǫ may have no any convergent sub sequences, in the topology that we usually use. Moreover in application the curvature of H usually has some positivity, but the curvature Θ Hǫ of the approximate metric may have no any positivity related to that of Θ H . In the next section we will introduce some better singular Hermitian metric to avoid these difficulties.
3.5. Nef holomorphic vector bundle. Let E be a holomorphic vector bundle on a Hermitian manifold M. Recall that E is called a nef vector bundle (in usual sense) [DPS] if the tautological line bundle O P(E * ) (1) is a nef line bundle over P(E * ). Paper [DPS] gave a beautiful metric description of nefness when E is a line bundle. The metric description of nefness is very useful in application and generalization of algebraic geometric results. However we only know that a Hermitian metric on the tautological line bundle O P(E * ) (1) naturally induces a Finsler metric on E, and at present we don't know how to define better Hermitian metrics on E via using nefness metrics of the line bundle O P(E * ) (1). In this paragraph we will define some stronger nefness concepts, directly using the Hermitian metric of E.
Let H be a smooth Hermitian metric on E and G a smooth Hermitian metric M. Let(z 1 , · · · , z n ) be local holomorphic coordinates of M and {e 1 , · · · , e r } a local orthogonal frame of E with dual frame {e 1 , · · · , e r }. The Chern curvature form of a given Chern connection has the following form
where
Recall that E is called Griffiths semipositive if for any u = j u j ∂ ∂zj and v = α v α e α , we have
E is called Nakano semipositive if for any u = j,α u jα ∂ ∂zj ⊗ e α , we have
We will use the following fact many times in this paper. Let u be a E-valued (n, q)-from on M. In holomorphic local coordinate write u = α |K|=q u
In particular, if E is Nakano semi positive then for any u ∈ K M ⊗ E we have
Definition 3.10. A holomorphic vector bundle E is said to be Griffiths nef, if for any ǫ > 0 there exists a smooth Hermitian metric H ǫ on E such that its curvature satisfying
Hǫ for u ∈ T M and v ∈ E. It is said to be Nakano nef, if for any ǫ > 0 there exist a smooth Hermitian metric H ǫ on E such that its curvature satisfying Θ Hǫ (u, u) ≥ −ǫ||u|| 2 G⊗Hǫ for any u ∈ T M ⊗ E. Example 3.11. If E = L 1 ⊕ · · · ⊕ L r is direct sum of nef holomorphic line bundles (in usual sense). Let ϕ j be the locally PSH function which gives the singular Hermitian metric e −ϕj on L j . Then E with diagonal metric H = diag(e −ϕ1 , · · · , e −ϕr ) is a Griffiths nef vector bundle, and also a Nakano nef vector bundle.
Proposition 3.12. If E is Griffiths nef vector bundle, then it is nef vector bundle (in usual sense).
Proof. Let e 1 , · · · , e r be the local holomorphic frame of E and e 1 , · · · , e r the dual frame on E * . The corresponding holomorphic coordinate of E * is denoted by w = (W 1 , · · · , W r ) and the homogeneous coordinate on fibers of P(E * ) is denoted by [W 1 : · · · : W r ]. We use (w 1 , · · · , w r−1 ) to denote the holomorphic coordinate on fibers of P(E * ) and z = (z 1 , · · · , z n ) to denote the holomorphic coordinate on X.
t as a column vector. The metrics
In matrix form, the curvature
Wj ) is the local coordinate of the open subset Ω j = {W j = 0} of the fiber P(E * | z ). Note that
is a positive definite matrix with eigenvalues 1/(1 + |w| 2 ) of order r − 2 and eigenvalue 1/(1+|w| 2 ) 2 of order 1. Since E is a Griffiths nef vector bundle we have
Hǫ ≥ −ǫI n×n . So E is a nef vector bundle (in usual sense).
Proposition 3.13. If E is Griffiths nef, then E ⊗ det E Nakano nef.
Proof. We can prove this proposition by using discrete Fourier transformation, a method used by Demailly and Skoda [De80] . Choose local coordinate on M and local orthogonal frame {e 1 , · · · , e r } of E ⊗ det E such that G = (δ jk ) and H ǫ = δ αβ . Then the curvature of E⊗det(E) is expressed by R
E⊗det(E) jkαβ
= R jkαβ +δ αβ γ R jkγγ and any u = j,α u jα ∂ ∂zj ⊗ e α we have
Fix a sufficiently large positive integer N and let S be the set of maps σ :
It together with (36) imply that
By the definition Griffiths nef we have
Using (37) again, we get from (38) to (40) that
hence E ⊗ det(E) is Nakano nef.
Definition 3.14. The curvature current Θ E ∈ D ′ 0 1,1 (M, Her(E)) of a singular Hermitian metric is called Griffith pseudoeffective if Θ E is a positive Hermitian current in the sense of Definition 2.6, i.e., if for any smooth local section u of E with compact support, Θ E (u, u) is a positive (1, 1)-current. It is called Nakano pseudoeffective if Θ E (v, v) is a positive distribution for any smooth local section v = j u j ∂ ∂zj of E ⊗ T X with compact support, where u j are local sections of E.
Note if E is Nakano pseudoeffective then it is Griffith pseudoeffective. In fact write Θ H = j,k T E jk dz j ∧ dz k , where T E jk are generalized matrix function. then
take v = u ⊗ w j ∂ ∂zj with u a smooth local section of E. Then
Clearly if the R.H.S. of (42) is positive distribution for any u ∈ E and w j ∂ ∂zj ∈ T X then the R.H.S. of (41) is a positive (1, 1)-current for any u ∈ E.
For a Hermitian metric H on a holomorphic vector bundle E of rank r over a compact complex manifold M with measurable entries h αβ , we have the following norms for 1 ≤ p < ∞ : for any contractible coordinate open subset Ω ⊂ M, choose local trivialization of E on Ω and write the entries h αβ as measurable function, and set 
and ∂ γ h αβ are weak derivatives of h αβ . 
, Using Proposition 3.2 for the smooth metric H ǫ we get
H . Since η and λ are smooth, we also have
Hence to obtain (43) it suffices to prove that
Since f is E-valued (n, q)-form we have [Θ Hǫ , Λ]f = e(Θ Hǫ )e(ω) * f, this together the definition of the inner product in (14) imply that
In the same way we rewrite R.H.S. of (44), and taking difference of both sides of (44), we get
.
In the following we will prove the limits of both terms I 1 (ǫ) and I 2 (ǫ) are zeros when ǫ → 0.
In the term I 1 (ǫ), after taking out maximum of η, then integrating by part, we know it is up bounded by the following three terms:
We claim thatÎ
where M ω is a positive constant depending only on the Kähler metric ω. Here we only give a proof of (45) since (46) and (47) 
where a J is a function depending only on the Kähler metric ω of the Kähler manifold i 2 dz j ∧ dz j ). Now using the Cauchy-Schwartz inequality we have
from this inequality it is easy to conclude (45). Now form (45) to (47) we know
In the term I 2 (ǫ) write
then follow the same way as we done for I 1 (ǫ), we may get
The following version of Proposition 3.3 is a direct conclusion of Proposition 3.15:
Proposition 3.16. Let M and E as in Proposition 3.15,, assume (24) is true for any f ∈ W 1,2
The Proposition 3.16 give the solution of∂-equation for holomorphic vector bundle with singular Hermitian metric of type I (we also may have a corresponding version for singular Hermitian metric of type II, for brevity we omit it here), however the assumption imposed on the Hermitian metric in Proposition 3.15 is still very strong. In application we need more singular Hermitian metrics. Before introduce such singular metric we will use we firstly introduce some notions. We say that a Hermitian metric H is equicontinuous and uniformly bounded if each entry h αβ is equicontinuous and uniformly bounded on any open set Ω ⊂ M. Definition 3.17. A holomorphic vector bundle E is said to be strong Griffiths (resp. Nakano) nef, if it is Griffiths nef and the metrics H ǫ in Definition 2.6 satisfying the following two conditions: (i)There exists a p > r (resp. p > 1)
is uniformly bounded with respect to ǫ; (ii) H ǫ ∈ C 0 (M, Her + (E)) are equicontinuous and uniformly bounded with respect to ǫ.
Proposition 3.18. If E is a strong Griffiths nef vector bundle on a compact complex manifold M , then E is Griffiths pseudoeffective, E ⊗ det E is strong Nakano nef and Nakano pseudoeffective. ) αβ are weakly convergent to h αβ in L p (M ) for all 1 ≤ α, β ≤ r. Let G = (g αβ ) r×r and H = (h αβ ) r×r . Firstly we will prove H = G −1 almost everywhere. Note det(H ǫ k ) is uniformly convergent to det(G) and (H −1
and M αβ is the submatrix of (g αβ ) by deleting its α-th row and β-th column. So M αβ is a homogeneous polynomial of {g αβ |1 ≤ α, β ≤ r}. For any relative compact open subset Ω ⊂ {z ∈ M | det(g αβ (z)) = 0}, we have lim k→∞ ||(H −1
, hence {z ∈ M |h αβ (z) = ∞} is of measure zero too. Let A = {z ∈ M |∃α, β such that h αβ (z) = ∞} and B = {z ∈ M | det(g αβ (z)) = 0}. We will prove that A = B up to a subset of measure zero. For any z 0 such det(g αβ (z 0 )) = 0 there is a small neighborhood Ω δ of z 0 such that
is bounded on Ω δ , hence h αβ is bounded almost everywhere in the neighborhood Ω δ of z 0 . Therefore A ⊆ B. Assume A B and the measure of B is positive, then there exist small open subset Ω δ and a subset C ⊂ B ∩ Ω δ of positive measure, such that on the whole subset C, h αβ (z) is almost everywhere bounded for all α, β but det(g αβ (z)) = 0.
) is divergent to ∞ on a positive measure subset of C ⊂ Ω δ , and it is a contradiction to´Ω
Hence {z ∈ M | det(g αβ (z)) = 0} is of measure zero and H = G −1 almost everywhere. Now we claim that the curvatures 
are equicontinuous and uniformly bounded with respect to ǫ. For any 1 < q < p r 20 and any contractible coordinate open subset Ω ⊂ M, by Hölder's inequalitý
Expand det(H −1 ǫ ) as a sum of r! monomials, we get
. Hence E ⊗ det E is strong Nakano nef. Furthermore the curvature current Θ H of Hermitian metric H is Nakano pseudoeffective since E ⊗ det E is Nakano nef by Proposition 3.13.
Let E be a strong Grffiths (Nakano) nef holomorphic vector bundle, then by Proposition 3.18 there is a family smooth Hermitian metric H ǫ on E which convergent to a Grifiths (Nakano) pseudo effective singular Hermitian metric of type II, denoted by H. We call H the limit Hermitian metric of the strong Grffiths (Nakano) nef vector bundle.
L 2 -Extension theorems
Using the twisted Bochner-Kodaira-Nakano inequality, Ohsawa-Takegoshi established a L 2 -extension theorem for weighted L 2 -integrable holomorphic functions on a bounded Stein domain in the fundamental paper [OT] . Manivel get a more general L 2 -extension theorem in the framework of vector bundles using a more geometric approach in [Man] . Siu's work in algebraic geometry in [Siu98] , [Siu01] , [Siu02] gave very important applications of the Ohsawa-Takegoshi theorem. In the paper [De00], Demailly emphasized other applications Ohsawa-Takegoshi theorem in his own work and gave many inspiring comments on how to deal with small negative curvature term when constructing L 2 -extension theorems via solving approximatinḡ ∂-equations, which Yi used in [Yi] in studying L 2 -extension theorems on compact Kähler manifolds. The lecture paper [Var] gave a good introduction to OhsawaTakegoshi extension theorem and other L 2 -techniques in complex geometry. In this section, we will consider the extension of holomorphic jet sections for high rank bundles whose supports are discrete points. Popovici [Pop] firstly got a L 2 -extension theorem for the holomorphic jet sections of line bundles whose supports are connected sub manifolds without codimension restriction. In our case the support may not be connected, however, its dimension is zero. We only consider extending holomorphic jet sections whose supports are sub schemes of dimension zero since we only need such a case in proving our main theorem in the next section. With some more strength, it would be possible to get the extension of holomorphic jet sections whose supports are arbitrary subscheme whose underling reduced irreducible components are smooth complex sub manifolds. Recently the paper [GZ] obtained improvements of the upper bounds of the extension theorems founded before, using undetermined function via solving ordinary differential equations. We get our extension theorem via optimizing these techniques. Since we don't need an effective upper bound constant in the next section, the techniques developed in [GZ] are used for a different purpose, rather for an optimal upper bound. Our extension theorem 4.2 is sharper than main theorem of [Pop] when the support is an isolated point.
In Subsection 4.2, we establish the L 2 -extension theorem for jet section for strong Nakano nef holomorphic vector bundles on bounded Stein domain by inductive method; in Subsection 4.3 we generalize our L 2 -extension theorem further to any compact Kähler manifold. We cut the compact Kähler manifold M into small bounded Stein open subsets and to extend a given jet section to each Stein open subset in a compatible way, then glue these extended sections to a global holomorphic section on M, via solving approximate∂-equation.
4.1. Intrinsic norm on jet sections. Let p = {p 1 , · · · , p l } ⊂ M be a finite set of distinct points, and E a holomorphic vector bundle on a Stein manifold M with (maybe singular) Hermitian metric H.
. We use J k p (E) to denote the set of all k-jet sections of E with support p. For any holomorphic section F of E, it defines a unique k-jet via quotient map
Choose holomorphic local frame {e 1 , · · · , e r } of E on a contractible neighborhood U j of p j for j = 1, · · · , l. For any holomorphic section F of E, write
the ∂-partial derivative of α-order of F, where α = (α 1 , · · · , α r ). And define
where H jk = H(e j , e k ). If we change to another holomorphic local frame {ẽ 1 , · · · ,ẽ r } of E with transformation e j = φ jkẽk , then F = r j=1F jẽj withF j = k F k φ kj . Hence under frame {ẽ 1 , · · · ,ẽ r }, the number
where (φ jk ) r×r is the inverse matrix of (φ jk ) r×r . But the difference will not affect our definition of jet norm up to a positive constant in the following Proposition 4.1.
Since M is Stein there is a surjective map
where |α| = max{α 1 , · · · , α n } and α! = α 1 ! · · · α l !. By (51) it is easy to check that Proposition 4.1. Fix the points p 1 , · · · , p l . Suppose the Hermitian metric H is non degenerate and bounded at p 1 , · · · , p l , in particular if the metric is continuous, then f 2 k is equal to f 2 k up to a finite positive constant which is decided by the coordinate transformation (and their derivatives) of the local frame. Hence up to a positive finite constant ||f || k is a well defined norm. 
(p t ) = 0 for all 0 ≤ k ≤ k t and s, t = 1, · · · , r. Since {φ jk } are non degenerate coordinate transformation we have
for all 0 ≤ k ≤ k t and t = 1, · · · , l and j = 1, · · · , r. Take k = 0 we get n (F n φ nj )(p t ) = 0 for t = 1, · · · , l and j = 1, · · · , r. Hence we have F n (p t ) = 0 for n = 1, · · · , r and t = 0, · · · , l. Then take these into (52) then let k = 2 in (52) we get ∂ 2 F n (p t ) = 0 for n = 1, · · · , r and t = 1, · · · , r. Go on this way we finally have k is bounded. It is also very easy to check the norms ||f || k doesn't depend on its lifting F, for brevity we omit the details here. Hence up to a positive finite constant ||f || k is a well defined norm.
Here we define norm on jet sections not using intrinsic derivatives because their support is a very simple set consisting of isolated points, another benefit is that we could see that ||f || k doesn't depend on the Chern connection of the Hermitian holomorphic vector bundle E, which is bad behaved if the Hermitian metric H is only continuous. 
where δ j > 0 are any positive constants and C is a finite positive constant depending only on δ j and the minimal distance between any two points among p 1 , · · · , p l .
Proof. Firstly note that it suffices to prove Lemma 4.3. Under the assumptions in Theorem 4.2, then for any holomorphic
Assume that Lemma 4.3 is true, then by the inequality of arithmetic and geometric means we havê
hence Theorem 4.2 follows. Note for the inequalities (A k ) and (B k,j ) it suffices to prove the case where 0 < δ j < 1 since it implies the cases δ j ≥ 1 via using the inequalities
Due to the symmetry, clearly it suffices to establish the inequalities (B k,j ) in Lemma 4.3 for j = 1. We will establish (A k ) and (B k,1 ) altogether by by induction
The case |k| = 0 is essentially a sharpening of a special case (the support of the section to be extended is of dimension zero) of the Demailly's version [De00] of the Ohsawa-Takegoshi-Manivel extension theorem [OT] , [Oh88] , [Man] . Since M is Stein, the restriction map
It suffices to extend each f j to a sectionf j with the required properties and at the same time satisfyingf j (p k ) = 0 for k = j. In the following we extend f 1 tof 1 and the extension of f j follows in the same way. Let ρ ǫ be the smooth kernel function such that its support is contained in (−ǫ, ǫ)
is a smooth approximation of the characteristic function χ {τ −1/2<t<τ +1/2} as ǫ → 0. Let
Throughout this proof we assume that 0 < ǫ < 
Here u is a positive smooth function which will be decided later. Then
and assume that
and
be a new Hermitian metric on K M ⊗ E, then its curvature
is a semi-positive self-adjoint operator, and
Letf 1 be a section of H 0 (M, K M ⊗ E) which is holomorphic lifting of f 1 , and set
Here 1 − b τ,ǫ (t) is a smooth cut off function, 1 − b τ,ǫ (t) = 1 for t < τ − 1−ǫ 2 and 1−b τ,ǫ (t) = 0 for t > τ +
. Hence L 1,τ,ǫ has its support contained in the tubular neighborhood of p 1 as τ → −∞. We assume that τ ≪ 0 such that
. Note by (58) the limit of the integral of R.H.S. of the above inequality is bounded after taking ǫ → 0 and then τ → −∞. So the integral of the L.H.S. is uniformaly bounded. Since (η ǫ + λ 
where h is a function depending only on metric. Note
α together with (63) we have
In the integral of the R.H.S. of the above equation
dS is a bounded constant. Here dS is the area element of unit sphere in R 2n and d is the minimal distance from p 1 to the point set {p 2 , · · · , p l }.
where B 1 is a constant depending only on the diameter of M and minimal distance among the points
where B 2 is a constant depending only on the diameter of M and minimal distance among the points {p 1 , · · · , p l }. Since by our assumption that |s j | < 1 and log 1 |sj | > 3, we have 0 < |s j | 2n (log 1 |s j | ) δj ≤ |s j | 2n (log 1 |s j | ) ≤ |s j | 2n−1 < 1,
, where C is a constant depending only on the diameter of M and minimal distance among the points {p 1 , · · · , p l }.
4.2.2.
Extension theorems for strong Nakano nef vector bundles. Now assume E is a strong Nakano nef vector bundle on a bounded Stein domain M, which means for any positive number ρ > 0, there exist a smooth Hermitian metric H ρ such that its curvature satisfying Θ Hρ (u, u) ≥ −ρ||u|| 2 for any u ∈ T M ⊗ E, and {H ρ } have a subsequence convergent to a Nakano pseudo effective Hermitian metric H, called limit Hermitian metric. Proof. We may prove this Theorem using the same inductive process as the proof of Theorem 4.2, the only difference is that we will now solve an approximate∂-equation every time instead when we solve a∂-equations during the proof of Theorem 4.2. After taking limit we will get the same estimates as in Theorem 4.2. For brevity here we give a proof of the first step where |k| = 0, since the the rest procedure is a repeat modification process as the case |k| = 0.
Write a given 0-jet section f ∈ H 0 (M, K M ⊗ E/J p1 · · · J p l ) as a sum f = f 1 + · · · + f n , with f j ∈ H 0 (M, K M ⊗ E/J p1 · · · J p l ) satisfying (53). By symmetry positions of f 1 , · · · , f n , it suffices to extend f 1 and the others are extended in the same way. Letf 1 be a section of H 0 (M, K M ⊗ E) which is holomorphic lifting of f 1 and let a τ,ǫ , b τ,ǫ , v τ,ǫ , φ, η ǫ be the functions as defined in (54), (55) and (56) respectively, here in (56) we take u(x) = x + 1 δ1 x δ1 with 0 < δ 1 < 1. Let and positive closed currents; during the past year he not only taught me mathematics but also guided me to think mathematics in a simple way. I would like to thank professor Shing-Tung Yau for encouragements and the friends in Yau's students siminar for helping me in many ways. I would take this chance to thank Professors Alan, Huckleberry, Peter, Heinzner and Takeo, Ohsawa, I studied under their guidance before and their works on complex Lie group actions and L 2 -techniques in several complex variable inspired me to think the problem studied in this paper for a long time. Finally I would like to thank the department of mathematics of Harvard university for its hospitality. My visit to Harvard university is supported by the Lingnan foundation of Sun Yat-Sen university.
